Abstract. In a previous paper, we introduced the notion of magnetic vector fields. More precisely, we consider a vector field as a map from a Riemannian manifold into its tangent bundle endowed with the usual almost Kählerian structure and we find necessary and sufficient conditions for to be a magnetic map with respect to itself and the Kähler 2-form. In this paper we give new examples of magnetic vector fields.
Preliminaries
In [13] the authors define the notion of magnetic maps with the aim of generalizing the notion of magnetic trajectory on a Riemannian manifold. In fact, both magnetic curves and harmonic maps can be obtained as particular situations of magnetic maps.
Let : → be a smooth map between two Riemannian manifolds ( , ℎ) of dimension and ( , ) of dimension . Suppose that is compact and let be a global vector field on having null divergence. Let be a 1-form on . The energy of is known as ( ) = is the tangent map of at . A smooth map : ( , ℎ) → ( , ) which is a critical point of ( ) is called a harmonic map (see e.g., [11, 21] ).
Let us now define the following functional for associated to and :
The Landau-Hall functional associated to and is defined by ( ) = ( ) + ( ).
Let be an open interval containing 0. A smooth variation of is a smooth map ℱ : × → , such that ℱ( , 0) = ( ). For the sake of simplicity we use the notation ( ) = ℱ( , ). The variation vector field along is a section in the induced bundle −1 ( ) defined by ( ) = ⃒ ⃒ =0 ( ).
Definition 1.1. [13] The map is called magnetic with respect to and if it is a critical point of the Landau Hall integral (
In what follows we compute the first variation ( ) ⃒ ⃒
=0
. It is known from the theory of harmonic maps that
where ( ) := trace ℎ ∇ is the tension field of . Let us focus on the integral and compute ( ) ⃒ ⃒
. We have
Let us define a vector field on by ( ) = ( ) ( ( )) ( ) and compute its divergence. We obtain
where ℎ ∇ is the Levi-Civita connection on and ′ ∇ is the induced connection. We successively have
As is divergence free, we get
Combining (1.1) and (1.2) we find
Define the endomorphism , called the Lorentz force associated to the potential 1-form , by ( ( ), ) = ( , ), for all , tangent to . It follows that
We finally obtain
We state the following. .3) was obtained from a variational principle assuming that the domain is compact and the 2-form is exact. Since it has a tensorial character, one can define a magnetic map : ( , ℎ) → ( , ) without the assumptions compact and exact (but only closed). Moreover, we will remove also the assumption for to be divergence free.
Let be a global vector field on and be a magnetic field on with the associated Lorentz force . Similarly to magnetic curves, we may also introduce a strength (i.e., a real number) in the equation. Hence, we give the following. Definition 1.2. We say that is a magnetic map with strength ∈ R associated to and if the Lorentz equation
is satisfied.
Vector fields as magnetic maps
In our previous paper [14] we ask when a vector field is a magnetic map. More precisely, we consider a Riemannian manifold ( , ) of dimension and its tangent bundle ( ( ), ) equipped with the Sasaki metric. On ( ) we also define an almost complex structure by
It is known that ( ( ), , ) is an almost Käherian manifold [6] . Hence, the Kähler 2-form Ω = ( ·, ·) may be considered as a magnetic field on ( ). A vector field ∈ X( ) will be thought as a map from ( , ) to ( ( ), , ). In the book of Dragomir and Perrone [7] , the authors write the following formula
Here Δ denotes the rough Laplacian on vector fields, defined by
where { } =1,..., is an orthonormal frame on . We also have
We state the following. 
Consider a Killing vector field on the Riemannian manifold ( , ). We know that:
We ask now for : ( , ) → ( ( ), , ) to be a magnetic map. Then must satisfy (2.2). But Δ = − trace ∇ 2 . Using the previous lemma, we get
On the other hand, we have
So, if is the Ricci operator, that is ( , ) = Ric( , ), for all , tangent to , then we get that = − . We give the following.
Proposition 2.1. If a Killing vector field is a magnetic map with strength , then it is an eigenvector of the Ricci operator corresponding to the eigenfunction (− ).
Remark 2.1. In the special case of Einstein manifolds, the strength is related to the scalar curvature, namely = − scal .
Suppose that is a real space form ( ), case when the curvature tensor is expressed as
As is Killing, its divergence is zero and thus, the magnetic equation becomes
We obtained the following. Proof. Note that a real space form ( ) is Einstein and its scalar curvature is scal = ( − 1). So, as is magnetic, cf. Remark 2.1, we must have = (1 − ) . Obviously, equation (2.3) is satisfied if = . In this situation we get that is flat and = 0, that is is a harmonic vector field. If ̸ = then ∇ = 0. As is Killing, we have
It follows that the length of is constant.
In the end of this section we propose the study of the following problem: Study non-harmonic magnetic Killing vector fields on the unit sphere S .
Magnetic vector fields on almost contact metric manifolds
A ( , , )-structure on a manifold is defined by a field of endomorphisms of tangent spaces, a vector field and a 1-form satisfying
If ( , , , ) admits a compatible Riemannian metric , namely is characterized by (∇ ) = − ( , ) + ( ) , for any , ∈ X( ). As a consequence, we have ∇ = , for all ∈ X( ). A systematic study of these structures is presented in the two books of Blair [4, 5] . However, we use the sign convention given by Sasaki, see e.g., [12] .
On the other hand, a Kenmotsu manifold can be defined as a normal almost contact metric manifold such that = 0 and Ω = 2 ∧ Ω. These manifolds can be characterized using their Levi-Civita connection, by requiring (∇ ) = ( , ) − ( ) , for every , ∈ X( ).
In our previous paper [14] , we find some conditions when the Reeb vector field on a Sasakian space form is magnetic, that is satisfies the condition in Theorem 2.1. We obtain that = −2 . Let us analyze the property of the characteristic vector field on a Kenmotsu manifold to be magnetic. Recall the following two useful formulas:
Compute trace (∇ • , )•. To do this, consider as usual, a adapted orthonormal basis { , , }, = 1, . . . , . We have ∇ = , ∇ = , ∇ = 0. Hence
Thus, the equation (2.1) becomes 2 = 0, which is a contradiction.
As a matter of fact, for the second condition of Theorem 2.1, we have
Therefore, is an eigenvector of the rough Laplacian with corresponding eigenfunction = −2 . We conclude with the following.
Proposition 3.1. The characteristic vector field of a Kenmotsu manifold is not magnetic.
Next we would like to make some comments on the same problem in a cosymplectic manifold. Recall that a cosymplectic manifold is an almost contact metric manifold for which the three tensor fields , and are parallel. Therefore, the first condition in the Theorem 2.1 is automatically satisfied. Since Δ = 0, the second condition implies = 0, that is is a harmonic map. We conclude with the following.
Proposition 3.2. If the characteristic vector field of a cosymplectic manifold is magnetic, then it is harmonic.
At this point we propose another problem: Study the property of of being a magnetic map on a generalized Sasakian space form. See [1] .
We end this section with some comments concerning the condition div( ) = 0 used in finding the magnetic equation. Because some readers may think that the divergence free condition for is too strong or artificial, we mention that this condition is often satisfied. For example, on almost contact metric manifolds, we know the following:
• The characteristic vector field of a contact metric manifold is divergence free.
• In addition, cosymplectic manifolds have divergence free .
• However, is not always divergence free; e.g. on Kenmotsu manifolds, we have
More examples of magnetic maps

H-minimal submanifolds.
Let be an -dimensional Lagrangian submanifold in a Kähler manifold . Then := − H/ is a globally defined tangent vector field on . Here H is the mean curvature vector field. In our previous paper [13] , we showed that the inclusion map : → satisfies ( ) = * .
According to Oh [19] , a Lagrangian submanifold is said to be Hamiltonianminimal (in short -minimal) if it is a critical point of the volume functional under compactly supported smooth variations arising from Hamiltonian deformations.
The Euler-Lagrange equation of this variational problem is div ( H) = 0, that is is divergence free.
This implies that every H-minimal Lagrangian submanifold is magnetic with respect to = − H/ and the Kähler form of .
L-minimal submanifolds.
In Sasakian geometry, one introduces the notion of -minimal immersion as follows: 
The endomorphism field is called the shape operator of derived from . We know that
The following result is fundamental (see [7] ). Proposition 4.1. The structure vector field is divergence free.
We note that ( , ) = 0. Next we have
Thus is divergence free.
The tension field ( ) is given by ( ) = (2 − 1) . Here is the mean curvature function. If Ω = ( ·, ·) is considered as a magnetic field on , then the magnetic equation for the immersion with respect to { , Ω} and strength is computed as
Thus is magnetic with respect to { , Ω} if and only if = (2 − 1) . ( , , , ℎ) . Then is a magnetic map with respect to the structure vector field and the Kähler magnetic field Ω with strength = (2 − 1) . Now, we add one more example to our previous list of magnetic real hypersurfaces in complex space forms and complex Grassmannian manifolds given in [13] , namely magnetic real hypersurfaces in complex quadrics.
Example 4.1. In [3] , Berndt and Suh studied real hypersurfaces in the Grassmannian manifold̃︁ Gr 2 (R +2 ) of oriented 2-planes in Euclidean ( +2)-space. As is well known, the Grassmannian manifold̃︁ Gr 2 (R +2 ) is identified with the complex quadric
When we equip the ambient projective space with the Fubini-Study metric of constant holomorphic sectional curvature 4, then Q = SO( + 2)/ SO(2) × SO( ) is a Hermitian symmetric space of rank 2 and maximal sectional curvature 4 with respect to the induced metric . The Ricci tensor is given by Ric = 2 .
Hereafter we assume that 3. For = 2 , the map
defines a totally geodesic complex immersion of C into Q 2 ⊂ C 2 +1 . For ∈ (0, /2), the tube around C is a homogeneous real hypersurface with principal curvatures 1 = 2 cot(2 ), 2 = 0, 3 = − tan , 4 = cot and
In case = 2, i.e., = 1, we have
The principal curvatures of a tube around C 1 are 0 and 2 cot(2 ). The inclusion map of a tube of radius around C into Q 2 is a magnetic immersion with respect to the magnetic field = Ω with strength = 1 1 + 2 2 + 3 3 + 4 4 = 2(2 − 1) cot 2 .
Harmonic unit vector fields as magnetic maps.
A unit vector field on a Riemannian manifold ( , ) is said to be a harmonic unit vector field if it is a critical point of the energy functional over the space X 1 ( ) of all smooth unit vector fields on . The Euler-Lagrange equation of this variational problem is Δ = | | 2 . Moreover it is known that is a harmonic map from ( , ) into the unit tangent sphere bundle ( ) with the metric induced from if and only if is a harmonic unit vector field and satisfies trace (∇ • , )• = 0 (see [7] ).
Comparing Proof. Let be an oriented Hopf hypersurface with constant principal curvatures in a complex space form . Then satisfies
Since all the principal curvatures are constant and ∇ = , we have |∇
Hence is a magnetic map with strength = −| | 2 + 2 .
As is well known, a complete and simply connected complex space form is a complex projective space C ( ), a complex Euclidean space C or a complex hyperbolic space C ( ), according as > 0, = 0 or < 0. Hopf hypersurfaces in C ( ) and C ( ) are classified by Kimura [17] and Berndt [2] , respectively.
Of course, one can check that characteristic vector fields of all homogeneous Hopf real hypersurfaces in C ( ) and C ( ) are magnetic maps into tangent bundles. However, we exhibit here only few examples. 
